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a b s t r a c t
Under the foundation of Duffie & Huang (1996) [7], this paper integrates the reduced form
model and the structuremodel for a default riskmeasure, giving rise to a newpricingmodel
of interest rate swap with a bilateral default risk. This model avoids the shortcomings of
ignoring the dynamic movements of the firm’s assets of the reduced form model but adds
only a little complexity and simplifies the pricing formula significantly when compared
with Li (1998) [10]. With the help of the Crank–Nicholson difference method, we give the
numerical solutions of the newmodel to study the default risk effects on the swap rate.We
find that for a one year interest rate swapwith the coupon paid per quarter, the variance of
the default fixed rate payer decreases from 0.1 to 0.01 only causing about a 1.35%’s increase
in the swap rate. This is consistent with previous results.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The standard interest rate swap is defined as two parties exchanging their cash flows arising from an agreed notional
principal amount in a specific period of time. The cash flows of one party are calculated at a floating rate such as the Libor,
while the cash flows of the other are calculated at a fixed rate.
Being one of the most popular and highly liquid instruments of the international capital market, interest rate swap is in
possession of functions such as price discovery, risk aversion and asset allocation. Based upon the principle of comparative
advantage, interest rate swap was originally created to decrease the costs of borrowing in the floating-rate or the fixed-
rate markets. Today, interest rate swaps are used to hedge against or to speculate on changes in the interest rate. Since the
first trade in the year of 1981, interest rate swap has been popular all along and its influences on a corporation’s capital
management are becoming more and more significant.
During the 28 years’ development of the swap market, the theories of interest rate swap cover on principle explanation
(Bicksler and Chen [1]), pricing model, empirical examination (Minton [2]), and swap spread theory (Liu & Longstaff [3] and
Chan, Wong & Chung [4]) . In the pricing model topic, the representational papers are Cooper & Mello [5], Duffie, Schroder
and Skiadas [6], Duffie & Huang [7], Jarrow and Turnbull [8], Duffie and Singleton [9] and Li [10] and recently see Mallier &
Alobaidi [11]. There are also theses which analyze the sensitivity of credit risk measurement to different interest rate term
structures, such as Fang & Lee [12]. That issue is important since, these sensitivities can be used to adjust the estimates of
credit risk, or at least to provide extreme bounds to the estimates of credit risk. This analysis is out of our paper’s range, we
do not regard it here.
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Cooper & Mello [5] obtained the numerical results for the equilibrium swap rate in perfect markets and showed that
equilibrium swaps transfer wealth from shareholders to debt holders. Jarrow and Turnbull [8,13] priced the swap subject to
default risk as follows: first, the counterparty defaulting on its general bondobligations canbe inferred from the credit spread
for the assigned credit risk class; then these martingale default probabilities are used in a tree-based, recursive valuation
procedure to determine the value of the swap.
Duffie & Huang [7] presented a reduced form model for valuing swaps subject to default by both contracting parties.
The framework is developed in [6] for the valuation of defaultable securities by characterizing an effective discount rate
i.e. the short rate after adjusting for the effect of default risk. With counterparties of different default risk, the promised cash
flows of a swap are discounted by a switching discount rate that, at any given state and time, is equal to the discount rate
of the counterparty of which the swap is currently out of the money (that is, a liability). Under some technical regularity
conditions, they showed that defaultable securities can be priced in a way similar to the standard risk neutral pricing of
default-free securities with the effective discount rate being used instead of the usual risk free short rate. They called this
model the reduced form model just because they simply used the spread s of the short rate of interest that applies to swap
liabilities of that counterparty, over the usual (default-free) short rate r to illustrate the credit quality of the counterparty.
It is indeed very simple and easy to be operated. But this specification ignores the dynamic movements of the firm’s assets.
Our model can avoid this shortcoming but adds only a little complexity.
Under the contingent claims analysis framework, Li [10] studied the valuation of an interest rate swap with a one-
sided default risk. He assumed the counterparty’s assets and the cash flows of the swap satisfying some special stochastic
processes, then found a two dimensional partial differential equations of the swap corresponding with the two stochastic
variables. But if when considering the bilateral default risk case, the partial differential equation becomes three dimensional
and therefore, the difficulties in numerical calculations increase. Although he only considered the unilateral default risk case,
the two dimensions PDE is a little tough to deal with. With the help of numerical methods, he found that the swap rate is
not sensitive to the counterparty credit rating: for a ten year interest rate swap, a one hundred basis points increase in
counterparty bond yield spread results in only about one basis point increase in the swap rate. This is similar with the
results of Duffie & Huang [7].
Different from Duffie & Huang [7], this paper denotes the volatility of a firm’s assets value as the credit risk factor to
illustrate the adjustment short rate. We integrate the reduced formmodel developed in [7] and the structure model for the
default risk estimation developed in [14], modeling a new framework of swap pricing. First, we describe the counterparty’s
asset price with the Wiener process, finding the default probability under Vasicek interest rate term structure. Then we
apply the default probability as the default risk adjusting factor, substituting it into the reduced formmodel to get the short
rate after adjustment for the effect of the default risk. Finally, we get the partial differential equation from the Feynman–Kac
formula. Numerical results show similar results with Li [10] and Duffie & Huang [7].
The content of this paper can be summarized as follows. The first section introduces the theory development history of
the interest rate swap, especially those closing with the default pricing. Section 2 provides the default calculation model
with the dynamics of the total value of a firm’s assets satisfying the Wiener process assumption. Section 3 establishes the
new bilateral default pricing model of interest rate swaps. Of course, this section is the kernel of our paper, followed by
the fourth section, which has a case study on Shibor (Shanghai Interbank Offered Rate) O/N (overnight) quotes and some
other assumption data. A concluding section describes the numerical results and highlights of the new model, also with a
prospective.
2. Default model under Wiener process
This section describes the approximate valuation formula of the default risk developed in [15]. Assume that the dynamics
of the total value of the assets of a firm, S follows a Wiener process (Eq. (1)) and specify the Vasicek model [16] as the short
rate r ’s term structure (Eq. (2)).
dSt = µStdt + σ StdWt (1)
drt = k(ζ − rt)dt + σrdW rt . (2)
Quantity µ is the instantaneous expected rate of return on the firm’s assets per unit of time and σ is the instantaneous
variance; ζ is the long-run mean of interest rate, k is the speed with which the interest rate r approaches the long-run
mean and the instantaneous variance of change in r is σr .W andW r are the standard Wiener processes, living on the same
probability space (Ω, F, P)2 with covariation cov(dWt , dW rt ) = ρdt . Suppose the firm’s liability is constant D, and denote
by τ = min{t; St < D} the default time of this company. If K = S/D, then τ equates the time when K strikes 1 for the first
time. We also assume that the value of the firm is independent from the capital structure of the firm. O(K , r, t) expresses
the default probability from time zero to time t when the interest rate is r and the ratio of assets over debt is K at time zero.
2 The detailed information of probability space (Ω, F, P)with the family F = {Ft : t ≥ 0} of sub-σ -algebras of F satisfying the usual conditions can be
found in [17].
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We obtain the approximate valuation formula as follows:
O(K , r, t) = lim
n→∞O(K , r, t, n) (3)
O(K , r, t, n) =
n∑
i=1
qi (4)
q1 = N(a1),
qi = N(ai)−
i−1∑
j=1
qjN(bij), i = 2, 3, . . . , n,
ai = − ln K −M(it/n, t)√
S(it/n)
,
bij = M(jt/n, t)−M(it/n, t)√
S(it/n)−√S(jt/n) ,
M(s, t) =
(
kr + r2 − ρσσr
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N(·) denotes the cumulative standard normal distribution function. Followed in [15], although O(K , r, t) is defined as
the limit of O(K , r, t, n), the convergence is rapid, numerical simulations show that setting n = 200 results in values of
O(K , r, t) and O(K , r, t, n) that are virtually indistinguishable. As a result it will not cost much time to do the simulation
when calculating the default probability, and if ht is defined as the default density where O(K , r, t) =
∫ t
0 hsds, the discrete
default density function can be calculated as well.
3. The basic bilateral default pricing model of an interest rate swap
In this section, we develop a valuation framework for a pricing interest rate swap with a bilateral default risk. Beginning
with a probability space (Ω, F, P) and a family F = {Ft : t ≥ 0} of sub-σ -algebras of F satisfying the usual conditions, the
valuation framework is under an equivalent martingale measure Q relative to the short rate process r .
Consider an interest rate swap to be contracted between firm A and firm B, where A is the fixed rate (r∗) payer and B is
the floating rate payer, we set, for simplicity, the principal to be unity, the maturity is T , and t1, t2, . . . , tn(0 < t1 < · · · <
tn = T ) are the specific time series, on which are agreed to exchange cash flows. The two firms all have a default risk and
all the swap values (besides specify) mentioned below are relative to firm B.
(1) Basic assumption
Below are the notations used throughout this thesis.
S it i ∈ {A, B}: assets value of firm i
Di i ∈ {A, B}: debts of firm i
τ i = min{t; S it < Di} i ∈ {A, B}: default time of firm i
τ = min{τ A, τ B}: default time of the interest rate swap
Ut : cumulative dividend process with predefault payments by firm A to firm B
Ut =
n∑
i=1
(r∗ − rti)1(ti≤t) (7)
Xt : cumulative dividend process of the swap for firm B, including the effects of default
It : swap price process
It−: left limit of the swap value at time t
Vt : predefault value process of the swap
ϕit i ∈ {A, B}: recovery function for firm i (in this paper, for simplicity, we set them as constant functions){
Hit = 1{t≥τ i}i ∈ {A, B}
Ht = 1{t≥τ } :default indicator functions.
The Doob–Meyer decomposition implies that H i can be uniquely decomposed as the sum of a predictable and right-
continuous increasing process Aiwith Ai0 = 0 and a Q-martingaleM i, that isH i = Ai+M i. Herewe assume Ait =
∫ t
0 h
i
t1s<τ ids
for a bounded predictable hazard rate process hit , a detailed presentation can be found in [18,9]. According to the fact that
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hit1t approximates the conditional default probability in a small1t initially at time t under a risk-neutral measure, in this
paper, we just regard hit as the conditional default density, which is calculated by the structuremodel described by Section 2.
(2) The valuation framework
Following these assumptions, if the two firms are all default free, then Xt = Ut , ∀ t ∈ [0, T ] under the risk-neutral
measure Q , and the swap price follows (the deduction of the denotations below can be found in [7] similarly)
It = EQ
[∫ T
t
exp
(
−
∫ s
t
rudu
)
dUs
∣∣∣∣ Ft] . (8)
Considering the default risk effects, the cumulative dividend process is defined as:
Xt =
∫ t
0
(1− Hu)dUu +
∫ t
0
Iu−(γ Au + γ Bu )dHu (9)
γ Au = 1u=τA(1{Iu−≥0}ϕAu + 1{Iu−<0})
γ Bu = 1u=τB(1{Iu−<0}ϕBu + 1{Iu−≥0}).
The first part represents the cumulative dividends before default and the latter represents the dividend obtained at the
default time. As a result the swap price process follows
It = EQ
[∫ T
t
exp
(
−
∫ s
t
rudu
)
dXs
∣∣∣∣ Ft] . (10)
We note that the definition of the swap dividend process Xt including the effects of default, involves the price process It
of the swap, which in turn is determined in terms of Xt by Eq. (10). This is analogous to the valuation of an American option
for which the value at a given time depends on what the value would be at the next point in time if not exercised, which
in turn is determined by the following values, and so on. As a result we have the predefault value process Vt (cf. Duffie &
Huang [7]):
Vt = EQ
[∫ T
t
−RsVsds+ dUs | Ft
]
, t ≤ T (11)
R(v, t) = rt + (1− ϕAt )hAt 1{v≥0} + (1− ϕBt )hBt 1{v<0}.
Here R(v, t) is the short rate after an adjustment for the effect of default risk. There are two indicator functions in R(v, t)
because when the swap price is negative to firm B, then it will subject to firm B’s default risk rather than firm A’s, and vice
versa.
Following Duffie & Huang [7], we conclude that formula (12) is the unique solution of (11)
Vt = EQ
[∫ T
t
exp
(
−
∫ s
t
Rudu
)
dUs
∣∣∣∣ Ft] , t ≤ T . (12)
(3) The PDE formula of swap price
Applies Feynman–Kac formula, Eq. (12) can be transformed to (13) (detailed proof can be found in Appendix)
∂V
∂t
+ 1
2
σ 2r
∂2V
∂r2
+ k(ζ − r) ∂V
∂r
− RtV = 0 tm ≤ t ≤ tm+1 (13)
V (r, r∗, T , T ) = 0
V (r, r∗, tm−, T ) = V (r, r∗, tm, T )+ (r∗ − r) m = 1, 2, . . . , n 0 < t1 < · · · < tn = T
Rt = r + (1− ϕAt )hAt 1{v≥0} + (1− ϕBt )hBt 1{v<0}.
Obviously, if Rt = r+(1−ϕBt )hBt 1{v<0}, then the Eq. (13) is the special casewhen firm A is default free.Without generality,
we just have a case study on swap pricing with a unilateral default risk.
When all the parameters are known at time t , we can get the value Vt from Eq. (13). Moreover, if wewant to get the swap
rate to be contracted, it suffices to find the rate r∗ causingV0 to be equal to zero fromEq. (13),which is the swap ratewewant.
4. Case study
This section provides a case study on some actual and assumption data described as follows and get someusefulmessages
from the results.
(1) Data description and the Crank–Nicholson difference method
The estimation method of the parameter of the Vasicek interest rate term structure appears in [19]. Let εt+1 = rt+1 −
rt − α − βrt , and εt+1 ∼ N(0, σ
√
1t), where εt+1 and rt are independent, thus k = − β1t , ς = − αβ , σr = σ in the Vasicek
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Table 1
Shibor O/N quotes, data source http://www.chinamoney.com.cn/.
Date 2007-1-4 2007-1-5 . . . 2008-8-8 2008-8-11
Interest rate (%) 1.4310 1.4047 . . . 2.7837 2.7521
Table 2
Estimated values of Vasicek parameters.
k ζ σr
0.0990 0.1010 0.01
Table 3
Parameters of firm B.
µB ρB ϕB K B0 = SB0/DB σ B
1 2 3 4 5 1 2 3 4
0.05 0.3 0.1 0.3 0.5 0.7 0.9 1.05 0.01 0.04 0.07 0.1
Table 4
σ B = 0.01, persistent the other parameters as in Table 3, the last line r∗i −r∗1r∗1 represents the difference percentage of every swap rate over the first one.
ϕB 0.1 0.3 0.7 0.9
r∗ 0.032274028026245 0.032274028026320 0.032274028026469 0.032274028026544
r∗i −r∗1
r∗1
(1× 10−11) 0 0.232371259182286 0.694039287348572 0.926647045776880
Table 5
ϕB = 0.5, others as in Table 3, the last line has a similar mean as Table 4.
σ B 0.01 0.04 0.07 0.10
r∗ 0.032274028 0.032193164 0.031961665 0.031845107
r∗i −r∗4
r∗4
0.01346897 0.01092967 0.00366015 0
model. With these qualifications, we can use the Generalized Method of Moments (short for GMM) (cf. Peter [20]) to find
the estimation of the parameters. Table 1 is the actual data gathered form the official web site of the China Foreign Exchange
Trade System & National Interbank Funding Center.
We take 402 days’ data of Shibor overnight quotes from Jan 4, 2007 to Aug 11, 2008 as a sample, and get the estimated
values of the three parameters as in Table 2.
We then set the rate on Aug 11, 2008 as the initial interest rate, that is r0 = 0.027521, and suppose that firm A is default
free, the parameters of firm B are shown by Table 3.
We also set T = 1, and the coupon is paid quarterly, that is n = 4, firm A pays the fixed rate, while firm B pays the floating
rate, and the Shibor O/N quote is the underlying floating rate. Using the Crank–Nicholson difference method, we calculate
the numerical solution of Eq. (13).
The Crank–Nicholson difference method can be thought of as an average of an explicit and an implicit scheme. It has
advantages over both, in practice it is often preferred even though there are some limitations to its use such as being slightly
harder to implement than the other two methods and cannot handle discontinuous boundary conditions. For detailed
information about Crank–Nicholson method can be found in [21].
In order to find the effect of the default risk on swap rates, we change firm B’s credit rating by changing its variance and
recovery rate in formula (1), see Table 3.
(2) Numerical results
Tables 4 and 5 are numerical results corresponding with different variance or recovery rate of firm B.
Table 4 is the different swap rate corresponding with the different recovery rate of firm Bwhen the other parameters are
the same. It is small enough to be ignored compared with Table 5. So in this valuation framework, we only take variance to
represent the credit rating of a firm, just set the recovery as a constant. Table 5 is the different swap rate corresponding with
the different variance of firm Bwhen the others are the same. From the last line of Table 5, we find that the swap rate only
increases about 1.35% when the variance decreases from 0.1 to 0.01, which is a ninety percent discount. This is consistent
with the results of Li [10] and Duffie & Huang [7], that is, swap rate is not sensitive to the counterparty’s credit rating.
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5. Conclusion
This paper provides a new interest rate swap pricingmodel, integrating the risk adjustmentmethod developed in [7] and
the structure default riskmeasurementmodel, simplifying the pricing formula significantly butwithout losing the dynamics
of the assets of the counterparty. The numerical results showed a lower sensitiveness of the swap rate to the counterparty’s
credit rating, this is coincident with the results of Duffie & Huang [7] and Li [10]. With this valuation model, the institutes
which want to enter into a swap contract can consult the swap rate calculated by this model, those which hold the contracts
already can find the prices of the swap at any time, having an intuition on the value of it.
We can implement this model to take the default correlation into account. It became more and more realistic as most
firms have financial relationships with others. The financial networks influence a firm’s default rating greater than before.
The copula is developed as the method to evaluate these relationships, becoming popular in the default risk measure
nowadays. In fact, there are many papers covering research topics about default correlation of swaps, such as Zhou [22]
and Cherubini [23]. The model will be more realistic by taking into account the default correlation.
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Appendix. Proof of Eq. (13)
Feynman–Kac formula
If
−→
ξt is the solution of the stochastic differential equation
−→
ξt = x+
∫ t
0
−→
b (
−→
ξs )ds+
∫ t
0 Σ(
−→
ξs )d
−→
Bs (here (
−→
Bs ) is theWiener
process vector and c(x) ≥ c0 > −∞, (aij(x))i,j≤d = Σ(x)Σ(x)T ). Then the solution of the partial differential equation
∂u
∂t
+ 1
2
n∑
i,j=1
aij(x)
∂2u
∂xi∂xj
+−→b (x)∇xu− c(x)u+ g(t, x) = 0
with the terminal condition of u(T , x) = f (x), (x ∈ Rd) can be expressed as follows
u(t, x) = E
([∫ T
t
e−
∫ s
t c(
−→
ξu )dug(s,
−→
ξs )ds+ e−
∫ T
t c(
−→
ξu )duf (
−→
ξT )
]∣∣∣∣−→Bv : v ≤ t) .
We set the
−→
ξt = rt , so−→b (−→ξt ) = k(ζ − rt) andΣ(−→ξs ) = σr ; we also let Vt in Eq. (11) equal to u(t, x) here, so c(−→ξt ) = 0
and g(s,
−→
ξs ) = −RsVs, f (−→ξT ) = 0. And since Ut persists constantly between two adjacent interest payments times but only
jumps on payment times, so dUt = 0 between two adjacent interest payment times. Then with the Feynman–Kac formula,
we obtain Eq. (13) easily.
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